IOPSClence iopscience.iop.org

Home Search Collections Journals About Contactus My IOPscience

New integrable quantum chains combining different kinds of spins

This article has been downloaded from IOPscience. Please scroll down to see the full text article.
1992 J. Phys. A: Math. Gen. 25 4499
(http://iopscience.iop.org/0305-4470/25/17/012)

View the table of contents for this issue, or go to the journal homepage for more

Download details:
IP Address: 171.66.16.58
The article was downloaded on 01/06/2010 at 16:57

Please note that terms and conditions apply.



http://iopscience.iop.org/page/terms
http://iopscience.iop.org/0305-4470/25/17
http://iopscience.iop.org/0305-4470
http://iopscience.iop.org/
http://iopscience.iop.org/search
http://iopscience.iop.org/collections
http://iopscience.iop.org/journals
http://iopscience.iop.org/page/aboutioppublishing
http://iopscience.iop.org/contact
http://iopscience.iop.org/myiopscience

J. Phys. A: Math. Gen. 25 (1992) 4499-4516. Printed in the UK

New integrable quantum chains combining different
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¥ Central Research Institue for Physics, H-1525 Budapest 114, POB 49, Hungary
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Abstract. A general procedure to generate new integrable Hamiltonians combining any
kind of spins distributed arbitrarily on the line is given. As a concrete application,
anisotropic chains formed by spin-3 and spin-1 operators at alternating sites are presented
and solved exactly by Bethe ansatz (Ba). We compute the ground-state and excitation
energies and momentum. The higher-order BA equations are derived. Depending on our
choice, these new Hamiltonians exhibit or not conformal invariance in their low energy
spectrum.

1. Imtroduction

Integrable magnetic chains are interesting physical systems with a rich mathematical
structure. The best-known by far is the XXZ Heisenberg chain with §=3 spins {1].
Integrable spin-1[2] and higher spin [3] chains have been found and solved. In addition
magnetic Hamiltonians can be derived from Yang-Baxter (vB) solutions associated
with Lie algebras other than SU(2) [4, 5].

The purpose of this paper is to present and solve integrable magnetic chains formed
by two kind of spins or more. The simplest case is an alternating chain with spin-3
and spin-1 operators. The Hamiltonians are derived from appropriately chosen sol-
utions of the vB equation.

We find and solve two integrable Hamiltonians describing spin-; and spin-1
operators at alternative sites. We call them H(a) and H(a). H (a) is given explicitly
by equations (3.10)-(3.13). They contain a piece coupling pairs of neighbouring spin-}
and 1 operators and another piece coupling three neighbouring spins. For H two
spins-3 and one spin-1 and for H two spins-1 and one spin-;. These Hamiltonians are
invariant under rotations around the z-axis and depend on two arbitrary continuous
parameters o and y- y is connected with the SU(2), parameter by g=¢” or ¢77,
Depending on the choice of ¥ and « we find ferromagnetic or antiferromagnetic
behaviours. This leads to a gapless regime (in the weak antiferromagnetic case) or a
non-zero gap regime (in the ferromagnetic or strong antiferromagnetic cases). Notice
that the gap vanishes or not irrespective of the kind of spins contained in the Hamil-
tonian.

§ Unité Associée au CNRS, UA 280.
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More general integrable magnetic Hamiltonians can be easily defined. Possible
generalizations are:

{a) To consider several kinds of spins s,, 5,,....
(b) Spins of different kind may be distributed arbitrarily on the line. That is, the

spin values do not need to alternate from site to site. Any distribution leads to an
integrable chain.

(¢) Include operators linked to Lie algebras other than A,. That is, Hamiltonian-
based on Yang-Baxter solutions associated to a Lie aigebra %= A, and acting on two
different representation spaces. .

In section 4 we solve exactly the spin-3-spin-1 mixed Hamiltonian H(a) and H(a)
by Bethe ansatz. We obtain their ground-state energies and the elementary excitation
spectrum in section 5. The ground state is formed by a distribution of real roots and
a distribution of (complex) 2- strmgs Holes on the real root dlstnbutxon describe

sttt oo e - Py A e et s st remenr Eman FI Y Tho msssxramco

CALVILALIVELY WlLll IULI-LCLO cucls_‘y’ IU] J_.l lu} auu LCIY Cll:lg}’. lUl n{u; JHC CULIYCLML
is true for holes in the 2-string distribution.

We give the combination of the the two Hamiltonians in which both kinds of
excitations have the same dispersion law and hence the system is conformally invariant.
We conclude by checking the string hypothesis for the complex roots in these new
models and we derive the higher-level Bethe ansatz equations.

2. Integrable quantum chains with two types of spins

As is known, regular solutions of the Yang-Baxter equations systematically yield
integrable spin chains [2-6]). Let us briefly review how a spin Hamiltonian follows
from an R-matrix R35(8), which is a solution of the Yang-Baxter equation (YBE)

[I®R(6-0)[R(OPDI[1R@R(H)]=[R(NDIN1@R(BI[R(B—)IB1]. (2.1} |

We consider 2N sites in a row and we associate to it the operator

Te(8)= T 1 (0)®15,(0)®.. @13 5(6) (2.2)

oL EEN-]

where tf,ff,(ﬂ) acts on the spin space of the site i and
¥

[tag(8)],s = R52(8) == : B. (2.3)
5
Thanks to the YBE (2.1), t,5(6) and T,5(9) obey also a YBE
R(0—-8[t(0)®1(8)]=[1(6")@t(8)}]R(6—0') (2.4a)
R(6-8)T(O)®T(8)]={T(8)T(8)IR(6-6"). (2.4b)
Due to (2.4), the transfer matrices
() =¥ T..(6) (2.5)
form a commuting family

—[r(o), (8] =0. (2.6)
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In most cases

R(0)=c1 ‘ (2.7}
and then (2.1) implies that [4]

R(6)R(-0}=p(0)1 (2.8)

where p(08) =p(—86) is a c-number function. Equation (2.7) implies that the transfer
matrix (2.5) at 9 =0 equals the unit shift operator

(rOig =™ 1T 8. 29)

and we us

v
a
(=%

a=(a,,..., an) A §=(B1;---,}82N) and Bins1 =8
[taﬁ (0)]75 = caaaaﬁy'

(2.10)

As a consequence of (2.9) the logarithmic derivative of #(8) at 8 =0 gives an operator
coupling pairs of nearest neighbours. One finds [4]

3 2N
—In7(8)g-0= L Brrrn (2.11)
af M=1

where
1 ; o
[hM-M+l]ﬂMt¥M+||f3MﬂM+l = ; R(O)ﬂﬁ;ﬂil . (212)

Clearly, the operator (2.11) can be interpreted as a one-dimensional quantum Hamil-
tonian. It couples neighbouring spins. For the six-vertex (eight-vertex) R-matrix one
obtains through equations (2.11)-(2.12) the XXZ (XYZ) Hamiltonian.

Equation (2.1) is not the most general yBE. In general we may have vB operators
acting on pairs of unequal vector spaces. This corresponds graphically to lines of
different kind.

That is, we have the operators

e 20/

X = {T5a(0)}s = [Tp(8)]ap- (2.13)
/{H B/fl'r,

a & b

Here 1<a, 8=<gq, (lines ) and 1< a, b= q, (lines ~www), §,5(6) also fulfils
(2.4a). In addition, (2.1} holds for the R-matrix

a &

Rab(6)= . (2.14)



4502 H J de Vega and F Woynarovich

Finally

(2.15)

R(e—-oN[{(6)® (6N =[{(0)@I(8)]R(6-9').

In addition, we assume T-invariance (symmetry) for the R-matrices and t-operators

R32(8) = R23(6) R37(6)=R3(6)
- . (2.16)
[tﬁa(a)]ba = [tab(a)]aﬁ'
Provided R(0) = Z1, we have [4] the ‘unitary’ relation
Y [an(8)]upl Foc(—8) gy = 8,:8.,5(0). ' (2.17)
Bb

Further YB operators faﬂ(()), 'faﬂ(ﬁ) and commuting transfer matrices 7(#) and 7(0)
are constructed as follows

- “ s ~ ] ) Y|
Tani®) = 8 :geé eé Fantd) = ~l§v§~v-§r\

Ho)=o 595 e? 30) = e? e§9§ ‘ (2.18)

7(8) generates local quantum Hamiltonians coupling nearest neighbours as () does
(2.10), (2.11)). This is not the case for (@), since

[ fab(o).]aﬁ

just cannot produce deltas as [t.s{8)],s does in (2.10). An operator connecting different
spaces ( and awamasma) cannot be a unit operator.

In conclusion 7(8) generates operators coupling all spins in the chain. However,
.5(@) is not the most general operator obeying the vBe (2.4b) that we can build in
the present context. Let us consider

(.2 O,Ie*tg °,|°'53 efl n
i—(alt)_ﬂglg ....... |§[

aB{fa —
1 z 2 N2 N1 N

)
= I i (8+a)tll (05, (6+a)

Ay BN |
L FRND (84N (6). (2.19)

Notice that smwasw lines and lines sit at odd and even sites, respectively.
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This operator fulfils also {2.4b) for fixed a
R(0 _ 9')[ -j"-(alt)(e, a)@ f(ait)(oj’ C!)] = [f(ne!}(ov’ a)@ :i-'-(nel)( 8, a)]R(ﬂ _ 8'). (220)

Of course, much more general operators fulfilling the vBe can be constructed (see
discussion at the end of this section and at the end of section 3).
A commuting family of transfer matrices

;_(ah)(e, a)=Y j’-inm)aa(e, @) (2.21)
fulfil the usual equation _
[,;_-(ait)(e, a), ,F(alt)(ar’ a)]=0. (2.22)
Let us now investigate the propemes of 73}, First, for 8 =0 we find
-2 2M-1
a a

70, o) = [ X K ........ ‘K' ] . {2.23)

1 23 4 w1 W

This is not a shift operator like (2.9), but rather looks like a light-cone transfer matrix
[9]. The inverse operator [#“7(8)]7" is given by

! TR '
F0, @)= c*“pm”[% % %] (2.28)

V1 2 3 NN

where we have used equation (2.17). We are now in a position to compute the
logarithmic derivative of 7*(8) at 8 =0. We find

.~ o~ 8 - o
NH= 30 log 748, @)p=0= Nio(H;+ Hj) (2.25)
where i
W 24-1
p(0}=H,= § § (2.26)
N - IN-2
N 1 3 4 -2 N1 N

5 (0)H, = A (2.27)

N 2 22 N W

and N, is a normalization that we shail choose later to our convenience. Here
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and

[+ a

K =[lap(a)]a- (2.28)

b A

In H, (H,} we collected the terms originated when 8/36 acted on an operator 72%(8) x
(¢*¥(6}). H, contains nearest neighbour interactions (two sites) whereas in H, there
are next-to-nearest neighbour couplings. The three-site couplings come from the
f**1(0) which does not decouple as the £?*(8)|,_, does (equation (2.10).}

Let us write H, and H, in analytic form

N N
Hy(a)= Mz‘;l h2M,2M+1(a) Hy{a)= M}Zzl hZM.2M+1‘2M+2(a) (2.29)

Here 2N+1=1,2N+2=2

[+ 4 ﬂ_ a
hc.a,ﬁb(a)=z[?(a)a.,],,c[r”y.g(—anc,,-g-(%jﬁLr . (2.30)
AT,
fl
N . . .
B aap,yps(@) =cpT(a3 T La(@) el s(@]pul Tl - )]s

(2.31)

In conclusion, we have just constructed a one-parameter family
ﬁ(a)=H2(a)+H3(a) (2.32)

of integrable Hamiltonians from a vB solution. Besides a, this Hamiltonian may depend
on one (y) or two (y and k) continuous parameters. The latter case corresponds to
elliptic vB solutions.

We say that (2.32) is an integrable Hamiltonian, because it commutes with the
one-parameter family of transfer matrices FA(g a):

[Hy(a)+ Hy(a), #99(8, a)] =0 v, (233)

Let us now introduce the momentum operator appropriate for the alternating
configuration (2.19). In the usual case (2.2) the transfer matrix at =0 gives the
one-step shift operator (2.9) and the momentum is just its logarithm, In our alternating
case (2.19) the basic object will be a two-step shift operator since a one-step shift
would exchange the nature of the sites. We can relate this two-step shift with transfer
matrices as follows. Let us consider the transfer matrix 7*(6, a). It follows from
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7@9(6, &) (equation (2.21)) by exchanging the lines and mwawa, That is,

Using (2.17) we find after a little graphica] calculation

281
_.(a]t)(o ﬂ ~a|t(0 .B)lﬂ 0= \LLLLL'\ (LLLL, (234)

Therefore, we define the momentum as

P =il 70, —a )70, a)].

.
[ g}
o
(%4

——

The family 7*(8, B) generates also a commuting family
,‘-_(alt)(a, ﬁ), F(all)(er’ ﬁ)] =90 ' N (2._36)
when B = —a this family commutes with the 7¥(8, &)
ra{alths A ~falr)/nr (€1 n ]
(78, —a), (8, a)]=0. (2.0
This is a consequence of the vB equation
[Fa (80— 8+ )] TS0, @) TS0, —a)
= Tf:tm(ﬂf, —a)T%")(G, a)l ?5.3(9 —0'+a)ly (2.38)

I RITHY "(a")
(3 ¥}
¥ N 9 =(alt)
H=N(a) a—oln 78, —a)]g=0 (2.39)
(with N, being an appropriate normalization constant) contains two and three-site

couplings just as H (equations {2.26) and (2.27}] but with the lines and manaan

pvr‘hnnapd

waliiiimiia.

3. A spin-j—spin-1 anisotropic integrable Hamiltonian

We apply in this section the general framework presented in section 2 to the specific
case of the six-vertex model and the vB solution obtained by fusing it. That is, we take

[taﬁ(e)]yﬁ - Sﬂ‘:(e)

with
( sinh(6+7y) 0 0 0
0 sinh # sinh 0
5(8) n S A (3.1)
U sinn vy sinh & Y
0 0 0 sinh(8+ )

@, B, v, ==} and
[75(8)]ag = [ 130 (8)0a = S55(8)



4506 H J de Vega and F Woynarovich

a, b=0, 1, with [2]

A(9) 0 0 0 0 0
0 B_(8) C{(9) 0 0 0
. 0 C(8) B.(9) 0 0 0 N
5(8)=
@) 0 0 0 B.(6) C& 0 32
0 0 0 C(9) B_(9) 0
0 0 0 0 0 A(8)
and
A(0) =sinh(8+3v) B=(6)=sinh(9i%) C(8)=sinh yv2 COShﬁ; (3.3)
This is a regular vB solution. Equations (2.8) and (2.17) hold with
p(8)=1%(cosh 2y —cosh 28) £(8) =3(cosh 3y — cosh 26). (3.4)

Inserting (3.1)-(3.3) in (2.30), (2.31) yields the matrix elements of our integrable
Hamiltonian. We choose for simplicity

N{a)=sinh y(cosh 2a —cosh 37). (3.5)

The Hamiltonian thereby obtained is invariant under rotations around the z axis and
also under reflections on the xy plane. Due to these symmetries

Pag,pps = 0 fata+B*y+b+s
haa,ﬂb=0 if(!‘i‘a?‘-'ﬂ"'b

(3.6)

and

haap 08 = B-u-a-p,-y-5-5 (3.7

hrxa,,Gb = h—a —a,-p—h

In addition the Hamiltonian H(«) is a symmetric matrix.
We find for the non-vanishing matrix elements of Hi(a):

1721
h]/l]

1/3=cosh y(cosh 2a ~cosh 3y}
=1/21-

1-

1

11

/2= h}/331/3 = cosh yhY73 5173 = cosh y(cosh 2a - cosh y)

1
-1/21-1
1/20-1/2 2
?, h ;;0 1/2_‘—Slnh 2'y

h2Y3
Ry 11/3= —sinh y sinh 2y

RY2912, = —sinh 2 yvZ cosh ¥ sinh{a + v/2)
hZ}/3012, =2 sinh yv2 cosh ¥ sinh(a —3y/2) = k{3142,
RS TYE, = — sinh(a — y/2)v2 cosh y sinh 2y

hi43LE=pl2 ) 71/ =cosh(2a +2y) —cosh v.

(3.8)
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For Hy{«) we find after neglecting a trivial term proportional to the identity operator

h}/31=—sinh y(2 cosh2y+1) 45" =~2sinh yv2 cosh y cosh(a + v/2) (39)

/2,1 p1/2
h—lj"Zl = "hl,{zo—smh Y-

These operators can be conveniently written in terms of spin-} and spin-1 operators.
We find for the three-site operator Hy(a)

h2n,2n+],2n+2(a)

=4(cosh 2a —cosh y)a +sinh vy sinh(2a + y) ¢(S,)*)* +sinh 2yv2 cosh ¥

y [smh(a 37/2)

. Y . Y
h - — =
cosh 7) —sinh o cos > U —cosh a sinh 2 V]

isinh v sinh 2yW +

(cosh 3y +cosh 2a —2 cosh ¥)

h’2
X(a’z®l®a'z)—sm Y0, ®S.®1+1® §2®1]
LE’ShTIN\n | O D L DRA Y | 7 1M
T 2 Lwall LU LUDI].)Y}“ \J1U)

where 0= 0, ®1Q0, 10,0100y
U=a,®85,81+0,85,01
U'=108.00.+18 5,80,
V=0.®{8,, 8.]®0c.+0,®{S,, 5.}®0;
W=0_®(5.)®c +0,.®(S.VQc}

o, and ¢}, are Pauli matrices acting on sites 2n and 2n+ 2, respectively. The spin-1
operators

(3.11)

1 0 10 ; 0 -1 0 1 0 0
Se=5{1 0 1 s,=3[1 0 -1 s.={0o 0 o (3.12)
01 0 0 1 0 o 0 -1
act on site 2n+1.
We find for the two-site part H,(a)
r / -.,;\ 1
o mer(a) = —2|.cosh2 y0,S, ++/cosh y coshka +5) U +sinh? y(sz)ZJ. (3.13)

We have considered up to now the non-zero gap regime where both the vB solutions
f(8), #(#) and the Hamiltonian H(a) are hyperbolic functions of 6, ¥ and a. By
changing o »ic, y>iy, 8 - i, we obtain the gapless regime.

The Hamiltonian H(a) (equations (3.10)-(3.13)) is the simplest one combining
two types of spin. It is straightforward to generalize it. For example, using R(6) and
f(8), where R(8) (see (2. 14)) is the spin-1 anisotropic R-matrix [2], we would get in
this way a Hamiltonian H{a) coupling two spins-1 with one spin-; instead of two
spins-1 and one spin-1 as is the case for H(a). More generally one can take any type
of higher spin and dispose them in any definite order. That is, we can consider as a
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generalized alternating vB operator

.....

S‘I
B+ u.,é BJ 8+, 91
(gcn)(e a) = 5 I
1 i

S

Here the full line stands for a spin § multiplet (—$< a, 8 <+5) and the vertical line
at site (2/—1) corresponds to a spin S, multiplet {—S; < a,, B <+85)).

To be general, we consider a site-dependent parameter «;. We have then a class
of integrable Hamiltonians that follows from the transfer matrix

0 @)= T Tenl6, @) (3.14)

a=—x

as
H(a)= N(a) é‘%m &g @)|y_q. (3.15)

These Hamiltonians have a structure similar to (2.26), (2.27). That is, the H, part
couples the spin §; at site (2 —1) with its neighbouring spins § at sites 2/—2 and 21
The H, provides a coupling between §; (at 2/ —1) and § at site 2/-2. The explicit
matrix elements of this general class of Hamiltonians can be obtained through a
straightforward and long calculation from the vB solutions obtained by fusion in [3, 6].

We have considered here generically anisotropic Hamiltonians. As is clear, their
isotropic limits, as

- 1
Ay = lim 5 [Hala = 7a)+ H( = a)]
lin

are also integrable.

4, Bethe ansatz solution of the models with different types of spins

In this section we solve the spin-}-spin-1 models introduced in section 3 (equations
(2. 29) ~(2.31) and (2.39)). We shail call N,,; and N, the numbers of sites occupied by
spin-3 and spin-1 atoms, respectively. In (2.19)—since these sites are alternating—
N,=N,=N,.

In order to find the eigenvectors and eigenvalues of H {a), we construct those of
79, @) by algebraic Bethe ansatz. This can be done in analogy to the construction
in [6] for pure (non-alternating) spin S models. We find for the eigenvalues of the

Ja]t)fn IR [P, . S
\o, ) lll LllU ir 150NI0ILCU IV ICEHHC

A6, @)= A8, a)+ A_(9, a) (4.1)

, r sinh(A; +iy/2—i8)
A8, &) =[sin{y+8)] N sin(3y/2+ a+ 8)]™ l:lsmh( A —iv/2-16)

(4.2)
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=[si Ny gi - N T sinh{A; ~i3y/2—-18)
A @)= Loin o1 Asin(a+ 6= 372)] I;ISinh(l\j—i'Y/z—iﬂ).

(4.3)

The A; (1= j=r) are solutions of the Bethe ansatz equations

[sinh(;\j+iy/2)]”w[sinh(;.,+i(y+a))]”=_ r sinh(A, — A, +iy) (4.4)
sinh(A; —ivy/2) sinh(A; —i(y —a))]  «=isinh(A;— A, —iy)’ '

These equations reduce to the well known pure spin-% and spin-1 equations when
N;=0, N\;;=N and N,,,=0, N, =N, respectively (in this latter case a can be

transformed out of (4.4)). According to (2.25)
- . d -
E(a)=Naa_eln A(ey 0‘);.9:0 (4'5)

where the choice of N’a corresponding to (3.5) is
N, = (cosh 2a — cosh 3y) sinh . (4.6)
This, through (4.1)-(4.3) yields

E(a)= N[N,z ot y+ N, cotBy/2+a) - 3 6'(, v/2)). 4.7)

Here we have used the notation

sinh{l +ia)

¢ @) =iln e O —iar)

(4.8)
and ¢'is the derivative of ¢ with respect to A.

The momentum of a solution of (4.4) can be calculated using the definition (2.35).
After a derivation analogus to that of (4.2) we find for the eigenvalue 7*(8, ~a}

A8, a)= +z' A8, o) (4.9)

s=—1
with

) ) r sinh(A; —10+1vy)
= [sin(8 + +2y)]™ —a~—y/2)Nalf——L——— (410
Ai(8, a)=[sin(8+ v) sin(8+27)] "[sin(8 ~a ~y/2)] 1 by, <10 -iv) {4.10)
where the A; satisfy the Bethe ansatz equations (4.4). Since Ao and A_,, as well as
their 6-derivatives are zero at 8 =0, only A; is reievant, and (2.33) yields

P=3 (6(h, v/2)+ (A V)] (4.13)

Here we have subtracted a constant in order to make the momentum of the ferromagnetic
vacuum (all spins up to r=0) vanishing.

Before solving the (4.4) Bethe ansatz equations, let us give the eigenvalues of the
Hamiltonian H{a). Due to (2.39) and (4.9), (4.10)

_ _ 3 - _ 9
E(a}=N, Eln Als, ﬂ)|9=0 = Nu% In AL(8, @)ls-0 (4-14)
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which yields
E= N’Q[Nlﬁ(cot y+cot2y)+ Ncot(a+v¥/2)— 3. ¢'(A;, 'y)] (4.15)
i=1

with N, being a normalization factor. i
Notice, that the eigenvectors of H(«) are the same as those of H (). This is because
[H(a), H(a)]=0 (4.16)

which is a consequence of {2.37).

5. Solution of the Bethe ansatz equations

In the following we give the solution of the (4.4) Bethe ansatz equations. For the sake
of simplicity we deal with the @ =0 case only, and we suppose that y< /4.

The ground state is formed by real roots n,, (like the ground state of a spin-3 chain)
and pairs of complex conjugate roots with real parts £,. In the N - oo limit these latter
roots become 2-strings

b tiy/2 (5.1)

(like the roots in the case of the spin-1 chain). Substituting A; = n, and A=&,+iy/2,
and taking the logarithm we obtain

N1/2¢(T’as 7/2) + qub(nas y)
=21rfa+§ (N — Mg, 7}

+§(¢(na—§ﬁa 7/2)+¢(na_fﬁ!37/2)) (5'2)

and

Nl/2¢(§cu 7)+N1(¢(§a’ y/2)+¢(§as 37/2))
=27rIa “'Z (‘b(é—a - nﬁs '}’/2)+ ¢(§& - 1],!3’ 37/2))
B

+§(2¢(fa—§ﬁ’ 7)+¢(§a—§3327))‘ (5-3)

Here J, and I, € Z+3, ¢ is given by (4.8), and we have used the properties
d(A—iy/2, y)+p(A+iv/2, v) =X, v/2)+ d(A,37/2)
¢(A—iv/2, v/2)+ p(A+iy/2, v/2) = (A, y)(mod 27).

If we choose the cut of the In function in (4.8) so, that ¢ is continuous for real A, in
the ground-state the J, and the 7, form monotonous sequences

(5.4)

ja.p] ""Ja = 1
Ia+!_Iu:1- (5‘5)

The numbers of 7, and £, are N,,»/2 and N,/2, respectively. In the thermodynamic
limit the spacing between the neighbouring #s and §s tends to zero as N ~!. We define
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the root-densities as

PN )= lim !
AN} = —_-
1 Nz Nyp(9ae1— 1)

1
W)= l. .
d (f ) N}Elw N1(§a+1_§a)

The equations determining these quantities can be obtained from (5.2) and (5.3) by
standard methods:

Nyag'(n, v/ 2D+ Np'(m, v)

(5.6)

=]

&' (n—n', vIpyAn) dy'

= N|/227TP1/2("7)+ Nl,fz J'

-
oo

EN | (@8 12+ - 639/ D)pi(6) de (57)
and

Nyj2¢'(€ y)+ Ni(o'(§ v/2)+ &'(§37/2))

= N2mp,(£)+ Nyyz J (@' (E—m,¥/2)+ ' (-, 3v/2))p12(n) dn

+N, J. (2¢'(£—£.v)+ ' (6 —-£,2y)m(€) d€. (5.8)
These equations solved by Fourier transformation yield
1
9 = —
Pn/z("]) = 2y cosh(mn/v)
Oy L
pilé) =2y cosh(7€/7)" (5.9)

Excitations can be introduced by leaving holes in the » and ¢ distributions and
introducing complex As not forming 2-strings. The construction of such solutions of
(4.4) closely parallels the analysis of the Bethe ansatz equations of the pure spin-3
model [8]. Here we give the main point only. The holes can be introduced by leaving
holes in the J, and I, sequences

Ja+1_Ja =1+8a,ar,, (5 10)

) 4 T —14L8
ig+1=1g = 17T Ugg,
where &, , is the Kronecker-symbol. In this case the root-densities p,/, and p, can be
defined as

) ] . Ja+l_-'ra
N s(n. ~m)= o) = lim ——*i =
pi/a(a) Ny (7 =)= @372l 72) Nz Nyys(far1 = 1) (5.12)
1 . Igir— 1, .
+—38 - = = lim — B+ B
P:(fp) N1 (fﬂ fh) 0'1.(§,a) N0 N1(§B+1_f.8)

Here §(x) is the Dirac &-function, and the os are continuous functions giving the
densities of the roots and holes. Keeping the positions of the holes and the complex
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As as parameters we have the equattons

NI,IZ‘;b'(n’ ¥/2}+ N.g'(m, v)

= N2270,2(n)+ Ny, I dno'(n—n', vIo,(n") “% (N, ¥)

+N J[ (d'(n—& v/2)+ ' (n—§3y/D)o(§) d¢

—§ (6'(n—&, v/2)+ o' (n—&,37/2))

+§J @'(n—An, v) (5.13)
and

Ni29'(€ ¥+ Ni(d'(&, v/2)+ $'(£,37/2))
= N2ma,(£)+ Ny, J (@' (—m, ¥/2)+¢'(§—n,37y/2))a2(n) dn

—% (@' (E—mn, y/2)+ ' (E— 1m0, 37/2))

+N, J- 2o'(6-&, )+’ (6-¢,2y))o(£) d¢
—% (2" (§—&n, )+ /(£ &, 27))
TL (P (E-Au v/2)+ ¢ (§—An, 37/2)). (5.14)

Here the A, are the complex rapidities and they are determined by the equations
Nl,"2¢(An! y/2)+ Nl¢(An’ 7)

=271, 43, (A= A)+ Ny j dn ¢ (A, =1, V)orya(m)

_§ ¢(An — Mhs '}’/2)

+ N, J‘ (AL~ & ¥/2)+ (A, — & 3y/2))a(£) dE
*%(d)(An—&., v/2)+ (A, =&, 3¥/2)). (5.15)

The equations {5.13) and (5.14} can be solved, and then oy,, and o, can be eliminated
from (5.15). This way we arrive at a system of equations which contains %,, £ and
A, only. The analytic properties of the equations in (5.15) are different depending on
if A, is a ‘very close’ (JImA,|<7¥/2), a ‘close’ (y/2<|ImA,|<v), a ‘wide’ {(y<
[Im A,| <3v/2) or a ‘very wide’ (3v/2<|Im A,|(<w/2)) root. Actually it turns out,
that (5.15) can be satisfied only if the very close, close and wide roots come in trios
so that the members of such a trio have common real parts, and the spacings in the
imaginary direction are iy:

Ap=Xn AL =x. £y [EIm x.i<v/2. (5.16)
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(These are generalized 3-strings.) There are no such restrictions on the very wide roots
which we write in the form

A, = x, +isgn(lm y, )y [Tm x.|=> v/2. (517)

The equations for the positions of the holes can be reconstructed from the os. Finally
the densities, together with the higher level Bethe ansatz equations (which give the
positions of the holes and x,) can be given:

_ 0 1 1
0'1/2("7)—.01/2(7])"'1\(”2%:2? cosh(m(n —£.)/7) (5.18)
1 1
1 =p) +—
T Pt com(m (G =)/ 7)
N T {E—xa)m (v/2)m
Ny le—zy§¢( =2y ’n—zy) (5:19)
N2 tan—’(tanh ﬂ) =2ml,-Y 2 tan—l(tanh M) {5.20)
2y n 2y
N2 tan“'(tanh W—&’) =27l,-Y2 tan‘l(tanh "_(‘-EL':_’IL’_)
2y W 2y
- 2
—Ew(gh—f,,.)ﬂ:(b((f" ’;")”,W_ )") (5.21)
" p a—=2y T w—2y
and
Z¢((xn—§h)w’(7/2)W)=2ﬂ"+z¢((xn—xn-)w, yr ) (5.22)
h =2y w2y Py =2y w2y
with
T fx=—pm (7/2)77) 1
lMx)_J-_Uo ¢( m=2y m~2v) 2y cosh(my/y) (5-23)

It is interesting, that in the equations of 7, the other %, and x, do not appear, and
that the y,, are directly related to the ¢, only. It is interesting to note also, that for an
87 = 0 state (the total number of A, is N,,»/2+ N;} the number of y, is half the number
of &,. (If §%#0, the relation between the numbers of the 7,, & and o, is more
complicated, and also terms decaying as N - o0 appear in (5.20)-(5.22).)

" In the following we discuss the energy of the solutions. First consider the H. If the
Hamiltonian is H, the energy is given by (4.7). Substituting A; = 7, for the real rapidities,
£, tiy for the 2-strings, and (5.16) together with (5.17) for the trios and the very wide
roots, finally evaluating the sums over the 7, and £, using the root-densities obtained
from (5.18) and (5.19) we arrive at

E=N(N|j2£1j2+ N1§1+§:51/2(7)h)) (5.24)

where

. r sinh(k(7 —v))
Eyn = cot '}’—2

o cosh{xy) sinh(xar) (5.25)
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(5.26)

3y J'°° sinh(k(7—27))
2

£, =cot —-—2
fi1=¢c0 o cosh(ky)sinh(ke)
and

ko

51/2("»)=m.

(5.27)

It is remarkable that neighter the £, nor the y, contribute to the energy.

The momentum can be calculated according to {4.13). A straightforward calculation
using the distributions of the real roots and 2-strings and the form of the other complex
roots gives (for $*=0)

N .
=—1r+§:2tan"(expﬂ) +Z2tan"(expw—&'). (5.28)
2 5 Y Y Y

Here we have used that N,,,= N, = N even. If we denote

h
pP=2 tan"(exp ﬂ)
Y

- T
p¥=2tan l(e:‘:p %) (5.29)
we can write
EwEBE=NYTgn p/
~Ey= % y sin pj, /. (5.30)

We should note, that these states are macroscopically degenerated (in energy but not

in momentum), as the pi” do not contribute to the energy.

Calculating the energy according to H (4.15) yields

E=N(N1/2§1/2+N151+§ 51(&.)) (5.31)
with

. [ _sinh(k(m—2v}))

£12=cot y+cot2y—2 J'O cosh(ky) sinh(kr) dk (5.32)

_ ¥ *sinh(k(m —2v))

=—cot<— —_— ey

£ co 3 L sinh(km) dk (5.33)

and
w
£ = —— 5.34)
) = oshnE/7) (

Here the holes in the real n distribution and the non-2-string complex roots possess
zero energy. Using (5.29) the excitation energies have the form

E-E=N ziy’ sin V. (5.35)
h

In the above calculations we have seen, that both if A or H is the Hamiltonian,
the holes in real rapidity distribution {n-holes), and the holes in the 2-string distribution
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(£-holes) are the elementary excitations. These excitations behave, however, differently:
while both carry momentum in both cases, only one of them pOSSEsses non-zero energy.
Considering a system which is described by a linear combination of H and H, we can
extrapolate between the two limiting cases. The coefficients also can be chosen so that
the dispersion is

E —E0=$(§ sin pﬁ,"'z)+); sin pﬁ,‘fz’). (5.36)

This system is conformally invariant, and the corresponding Hamiltonian can be derived
from the r-matrix

O sy )
T(ah](B): -(alt)(e)f(all)(e): 8 elssgl - 85 8 . (5.37)

Finally we want to prove that the string-hypdthesis (5.1) used to solve the Bethe
ansatz equations holds. This we do so that we show the corrections to (5.1} are
exponentially small. Setting

Aj=fﬂ+i('y/2+ 5.) (5.38)
we find
in(2v+ 8
Im[i 1 S0V L), Nuz(Puz(E)-'-N.w;(f)] = o(1). (5.39)

Here we assume 8« 1, O(1) means terms of the order unity, and we use the notation

1208y =—p(E+iy/2, y/2)+ I dnpin)(é+iy/2—m, v) (5.40)

and
@ (£)=—d(E+iv/2,v) +J dé&' p(€)
x{d(e+iv/2-&, y/2)+ S(+iy/2-¢€,3v/2)L. (5.41)

It is clear that for low excited states p,,» and p, can be replaced by the ground-state
distributions p},, and p$. Evaluating the integrals we find

Imeg,(£)=0 Im ¢.,2(§)=ln(tanh -2”—_::) (5.42)
50 ' _
sin|8| wé Mz
sin{2y) B anh2y (5.43)

i.e. 8 is indeed exponentially small in N,
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